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QUESTION 1. examples of groups

(i) Let D = {(a,b)|a € {1,7} and b € {0,2,4,6}}. Define * on D such that for every (z1,41), (z2,42) € D we have
(z1,9) * (z2,12) = (21 2,21 - 42 + T2 - y1 ), where - means multiplication module 8 and + means addition modple
8. Construct the Caley’s table for (D, *). Now by staring at the table, you should conclude that D is an abelian
group. Note that D is associate since (Zg, -) and (Zg, +) are associate (so no need to check that unless you insist!).

2017

a. Whatise € D?
b. If a = (7,4) € D, then whatis a™'?
c. Ifa = (1,6) € D, then what is a!?
d. Ifa = (1,2) € D, then what is |a|?
(ii) Let D = {6,12,18,24}. Define * on D such that for every a,b € D we have a * b = a - b, where - means

multiplication module 30. Construct the Caley’s table of (D, -). By staring at the table you should conclude that
(D, ) is an abelian group (Since (Z3, ) is associate, we conclude that (D, -) is associate).

a. Whatise € D?
b. Leta = 12 What is |a|?.
¢. Let k = |12|, find a*, a*, a*. What can you conclude about {a,a’,a*,a*}
d. Let k = [24], find a2, a®,a* . Is this different from (c)?
(iii) Give me an example of a group (D, ) such that D has an element a € D where a2 # b = bxa? forevery b € D,
but a * ¢ # ¢ * a for some ¢ € D.[ Hint: There are many examples, for example let D = {f : R — IR such that f is

continuous and bijective}, and let ¥ = o. From class notes we know that (D, o) is monoid. Since every f in Dis
bijective, we conclude that f -1 ¢ D forevery f € D. Hence (D, o) is a non-abelian group, now find a and ¢ in D]
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. 4 . e - = 0,4} = {];5}9}:{2 -
UESTION L. Consider the following subsets of (Zg,+): Ho =0+ {0,4} = {0,4}, H; = 1 + { =1
g+{0,4} = {2,6}, Hy =3+{0,4} = (3,7) Let D = {Hy, H, Hy, H3}. Define + on D such that H,+ Hy = (i+k) +§3{
where + means addition module 8, the Caley’s table of (D, +), Stare at the table, you W o
(D, +) is an abelian group, [note that (D, *) Ts associate since (25, +) i3 associative], Find e. For each d € i
[Comments: observe What is H;n Hy,

1# k? where 0 < i, k < 3, What is Ho U H, U H, 7] /F)
QUESTION2. (i) Let (D, '

*)beagroup and a,b € D. Whatis (a + b)~1? Prove your claim.
(i) Let (D, +) be a group such that z2 = e for every z € D. Prove that D is abelian AZ\
(iii) Letn > 2 be a positive integer. Recall that U (n) = {a ¢ Z)|ged(a,n) = 1}. We know that |U(n)| = ¢(n). Pﬂ?fe 4
that (U(n), ) is a group| Note that we proved in class that (Z},), .) is a group if and only if n is prime, so use similar q-d
proof and the fact I gave you that if ged(a,n) = 1, then o™ = 1inZ, (ie., o®™ =1 (modn))
(v) Letk = |U(9)).

What is &? Is there an element in U(9) that has order k? if yes find such one.
(V) Letk =

{u(8)|. What is k? IsﬂmanelennntinU(S)thathasorderk? if yes find such one. ‘9.1(
QUESTION 3. (i) Let (D, +) be a group and fix a,b € D. Convince me that the equation a +
solution in D. What is the solution? Lt

(i) Let (D, o) be the symmetric group on n gon. We know that | D| = 2n (note that n > 3 is a positive integer). Fix
a,b,c€ D, Wwhere a is a rotation, b and c are reflection.

vaeﬂ:atboaisareﬁecﬁon.[Ymupmofahmﬂdnotexoeedllim]. Azr
((a)and(i)mighthehelpful)mn = {Ry, R,, ...,R,,}beﬂiesetofallmﬁousinDn.vaeﬂzat{boRl,boRz
isthesetofallreﬂecﬁons.[Thisisanicemult.itmeansinm'derm aﬂmﬂecﬁms.youonlyneedtoﬁnd
one reflection, say b, and then justcompositebwiﬂ:eachmtaﬁon] 7.

e Prwematbocisamtmion (note b, ¢ are reflections)[ Remembertha:Yousefclaimed that!.

Now in view of
you should give an Algebraic-Proof that should not exceed 3 lines] 4
d. Co

nsider (Ds,0). Let R, = Rn =(12345) = (Re)1 = (25)(3 4) be a reflection. Note that Ry, =

A'/' R} = R, © Ry, and in general R, — Ri=RToR =R, ,0R, So you can find all the rotations (without

)\_ sketching!), Now use the idea in (b) to calculate all reflections.[I will mention more on Monday about this
part]

z = b has a unique

a.
b.

?

QUESTION 4. 1. (D, +) be a group and o ¢ D such that |a| = n < oo, Let m be a
ﬁm,n):l.ﬁwedmt!n“l:

n. Soif |a| = 11, what can you conclude about |a?
Fuﬁyhﬂumm
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QUESTION 1. (i) (Very useful result) Let (D, *) be a group with n < oo elements and let a € D. Prove that a™ = €
for every a € D [Max 3 lines proof]

(11) (I;],icc pl;(s)bl(;?\) L‘?é (D. +) be a group such that |D| = g,q, where ¢, ¢, are primes. Assume a,b € D such that ”" tf 2
a? = a' t* = b, and a+ b = b+ a. Find |D|. I claim that D = {c,, ..., "™ = €} for some ¢ € 1. Fove By
claim.[ Max 6 lines]

QUESTION 2. (i) ( How to check for subgroups) Let (D, ) be an abelian group. Fix a positive integer m and let
F={a€ D|a™ = e}. Prove that (F, *) is a subgroup of D. (Two lines proof. Note that F need not be a finite
set. An example of an infinite F will be given during the course)

(i) (How to check for subgroups) Fix a positive integer n. We know that the equation z" — 1 = 0 has exactly n distinct
solutions over the complex C. Now let F = {a € C* | a™ — 1 = 0}. Prove that (F,.) is a subgroup of (C*,.) (Two
lines proof. (Note that (C'+,.) is an abelian group)

QUESTION 3. (Radicals). Let (D, +) be a group such that [D| = n < oc. Let m be a positive integer such that
ged(n,m) = 1. Let a € D. Prove that there exists an element b € D such that b™ = a (i.e., Ya € D, where
v/a = b € D means b™ = a)(three lines proof. You may need the fact from number theory or discrete math that says if

ged(m. n) = k, then there are two integers w, z in Z such that k = wm + zn)

QUESTION 4. Given f|, f», and f3 are bijection functions on a set with 6 elements, where f; = (35),f2 = (3142),
and fz = (645 3)

a) Find f; 0 f3

b) Find fz O f|

C) Find f3 0 fz

QUESTION 5. (i) Given H = {0.4,8} is a subgroup of (Z12,+). Find all distinct left cosets of H in D.
(ii) Let (D, %) be a group and assume that for some a. he D.wehaveaxb=>bxa,|a] =9and |b] =38

Find |a®|

Find |b°|

Find |a® * b°|

Give me an element ¢ € D such that |¢c| = 36 (note that, as [ explained in the class, if a group has an element

of order k. then the group must have a subgroup of order k, namely H = {a,a’, ..., k — e}, where |a| = k.
So if my claim is right, then D must have a subgroup with 36 elements)

& 0 o P
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QUESTION 1. (i) (Very useful result) Let (D, *) be a group with n < oo elements and let a € D. Prove thate™ = e
for every a € D [Max 3 lines proof]

(ii) (Nice problem) Let (D, *) be a group such that | D| = q,q> where gy, g2 are primes. Assume that for some a, be D,
where a 5 e and b # e, we have a2 = a'%, 5 = 5%, and a b = bxa. Find | D|. I claim that D = {¢, &, ..., "% =
e} for some ¢ € D. Prove my claim.[ Max 6 lines]

QUESTION 2. (i) ( How to check for subgroups) Let (D, +) be an abelian group. Fix a positive integer m and !et
F = {a € D|a™ = e}. Prove that (F, *) is a subgroup of D. (Two lines proof. Note that F need not be a finite
set. An example of an infinite F will be given during the course)

(ii) (How to check for subgroups) Fix a positive integer n. We know that the equation z™ — 1 = 0 has exactly n distinct
solutions over the complex C. Now let F = {a € C* | a™ — | = 0}. Prove that (F,.) is a subgroup of (C*,.) (Two
lines proof. (Note that (C',.) is an abelian group)

QUESTION 3. (Radicals). Let (D, x) be a group such that [D| = n < co. Let m be a positive integer such that
ged(n,m) = 1. Leta € D. Prove that there exists an element b € D such that ™ = a (ie., Ya € D, where
¥a = b € D means b™ = a)(three lines proof. You may need the fact from number theory or discrete math that says if
ged(m, n) = k, then there are two integers w, z in Z such that k = wm + zn)

QUESTION 4. Given f, f>, and f3 are bijection functions on a set with 6 elements, where H=0@B5),2=03142),
and f; = (645 3)
a) Find fi 0 f3
b) Find f o fi
c)Find f30 f»
QUESTIONSS. (i) Given H = {0, 4,8} is a subgroup of (Z12,+). Find all distinct left cosets of H in D.
(ii) Let (D, ) be a group and assume that for some a,b € D, we have a*b=b+a, |a| =9 and |b| = 8
. Find |a®]
. Find |b?|
. Find |a® % b*|

. Give me an element ¢ € D such that [¢] = 36 (note that, as I explained in the class, if a group has an element
of order k, then the group must have a subgroup of order k, namely H = {a,a?,...,a* = e}, where |a| = k.
So if my claim is right, then D must have a subgroup with 36 elements)

e o0 o ®
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QUESTION 1. Consider the group D = (£, A), as usual for every a,b € Q we have (a + Z)A(b+ Z) = (a+b) + Z
(i) Weknow z = 5 + Z € D. Find |z].

(ii) Let F = {y € D | |y| = 12}. Find |F|.

(iii) Fix anintegerm € N* and let F = {y € D | |y| = m}. Can you guess what is |F|?

(iv) Foreach n € N*, construct a subgroup of D with n elements.

QUESTION 2. Let (D, ») be a group with 12 elements and suppose that D = {a,a?, ...,a'? = €} (note that D must be
abelian). Let H = {a,a*, a%}.

(i) Construct the Caley's table of H to convince me that it is a subgroup of D.
(i1) So now we know that H < D. Find all elements of D/H. Construct the Caley's table of (D/H, A).
(iii) Foreach z € D/H, find |z]|.
QUESTION 3. Let D = (U(15),.). It is trivial 10 notice that H = {1, 14} @ D. Construct the Caley’s table of (%, A)

QUESTION 4. Let (D, x) be a group, H aD, and e € D. Supposc that [a| = n < oo. We knowthatz = ax H € D/H.
Let m = |z|. Prove that m | n. (Max 2 lines proof. Note that z* meanae* H Aa*HA--- Aax H = o* x H)
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QUESTION 1. a) Let (D, +) be a group with a normal subgroup H. Assume that a » h = h » g for every a € D and for
every h € H (note that we can conclude that hy * h; = ha * h for every hy, ha € H). Assume that D/H is cyclic. Prove
that D is an abelian group. (max 6 lines)

\D { ¢, b)Let (D, %) be-a-group. Given N 9D and H < D. Prove that NH = {nh | n € N and h € H} is a subgroup of D
and if H < D,lthen NHa Hw

QUESTION 2 Let (D, *) be a group with 25 elements. Assume that D has a unique subgroup of order 5. Prove that D
6 is cyclic. (Max 3 lines)

QUESTION 3. a) Convince me that {C*,.) is not cyclic. (Max 2 lines)
b) Convince me that (@",.) is not cyclic. (Max 2 lines)
¢) Convince me that {@, +) is not cyclic. (Max 5 lines)
d} Is U/(18) cyclic? explain

5 e) Is U(16) cyclic? explain

QUESTION 4. a) Prove that 57 has an abelian subgroup, say H, with 70 elements. Can you say more about H?

1 23 456 7 8
. 0 .
3541876 2 € Sg. Find | f|. Is f € A3? explain

c) Let n = maz{|f|, where f € As}. Find the value of n.
5 d) Let f € S, (n > 3) be an odd function. Prove that | f] is an even number. (Max one line (maybe 2 lines)

b)Let f =
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QUESTION 1. Assume (D, +) is a group with 7 elements for some prime number p. Assume D has a normal cyclic

subgroup H with p* elements and D has a normal subgroup F with p clements such that ¢ H. Prove that D is abelian

but not cyclic,

QUESTION 2. (VERY IMPORTANT)
Let (12, #) be a group

(i) Letm € D be fixed and define f : (D, +) — (D, *) such that f{a) = m +a » m™"' for every a € D. Prove that f is

a group-isomorphisim.

(ii) Leta € D and assume that je| = k < co. Prove that [a] = [dsaxd !| foreveryd € D.

(iii} Define f : (D,*) — (D, +) such that f(a) = a? for every a € D. Prove that f isa group-homomorphism if and
only if D is abelian.

(iv) Assume that D bas 10 elements and D =< a > for some a € D. Define f : (D,*) — (D, +) such that f(a) = o’
Find f{b) for every b € D. Convince me that f is a group-isomorphism. Find Range(f) and Ker(f)

(v) Assume that H is a subgroup of D with m ( finite) clements. Prove that d+ H s d~'is a subgroup of D with
m elements. Now, convince me that if F' is the only subgroup of D with k element (£ is finile), then F must be
normal in D.

(vi) Assume |D|=5%-72, Assume that D has a normal cyclic subgroup, say H, of erder 72 and D has a normal abelian
subgroup, say F', of order 5°. Up to isomorphism find all possibilities of the group structure of D.

(vii) Assume [D{ = p - g for some prime numbers p, q. Assume that D has a normal subgroup, say H, of arder p and D
has a normal subgroup, say F, of order q. Prove that D is cyclic.

QUESTION 3. (Important) Let S = {0,1,3,...,17}. Then we view Sz as the set of all bijective functions from S
ONTO 8, and recall that (§)g, 0) is a group. Let D = {f : (Zig,+) = (Zig,+) | f is a group —isomorphism}. Hence
D C 8.

(D) Let K : {Z1g,+) — (Z1g,+) such that K(1) = 13 = 5. Is K € D? EXPLAIN. Find K (a) for every a € Zyg. If
K € D, then find | K.

(ii) Prove that (D, 6} is a cyclic subgroups of Sig with exactly 6 clements. Hence D =< J > forsome f € D. Give
me such f.
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